
215a Homework exercises 1, Fall 2019, due Oct. 7

“Tong problem n.m” refers to exercise set n, problem m. Follow links from website.

1. Consider a complex scalar field with

L = ∂µφ
†∂µφ−m2φ†φ−

λ

2
(φ†φ)2

Note that the theory is invariant under φ → eiαφ, with α constant (i.e. a global

symmetry). Derive the associated Noether current and verify that it is conserved,

using the field equations satisfied by φ.

2. Tong problem set 1, exercise 8.

3. Tong problem set 1, exercise 9. Please call the scaling dimension ∆ instead of D, and

another notation is to write [φ], where the square brackets means the scaling mass

dimension of φ, e.g. in h̄ = c = 1 units [E] = [m] = [p] = [1/t] = [1/L] = 1, and

[S] = [h̄] = 0 in any spacetime dimension.

4. Consider a complex scalar field with

L = ∂µφ
†∂µφ−m2φ†φ

Define

φ(x) ≡

∫

d3k

(2π)32ωk

(

a(k)e−ik·x + b†(k)eik·x
)

.

φ†(x) ≡

∫

d3k

(2π)32ωk

(

a(k)†eik·x + b(k)e−ik·x
)

.

(a) Find the units [a(k)] and [b(k)].

(b) Find the conjugate coordinate Π(x) to φ(x). Also find the units [Π(x)].

(c) Impose the canonical equal-time commutation relation [φ(~x, t),Π(~y, t)] = iδ3(~x−~y)

and show this implies that [a(k), a†(k′)] = [b(k), b†(k)] = (2π)32ωkδ
3(~k−~k′), with all other

commutators vanishing. Verify that these are compatible with [a(k)] and [b(k)].

(d) Recall from question 1 that there is a conserved current, jµ(x) with ∂µj
µ = 0,

corresponding to the φ → eiαφ symmetry. Write the corresponding charge Q =
∫

d3xj0

as Q =
∫

d3k . . ., where . . . is in terms of things like a(k) and b(k). Write Q as a normal

ordered expression, so Q|0〉 = 0. Verify that Q is dimensionless, i.e. that [Q] = 0.

(e) Verify that a†(k)|0〉 and b†(k)|0〉 are eigenstates of Q. What are their eigenvalues?
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