5/25/11 Lecture 18 outline

e Continue from last time.

1
S[g, X] = W /d4113\/ —gR + Severything else[na Xa auX] ‘77—>g,8—> A\vAl (1)

(Last time we left the coefficient of the gravity term as o/G, and left it that we’d determine
the coefficient by checking agreement with the Newtonian limit. Let’s now just cut to the
chase and write the answer, and check that it’s right.)

The variation of (1) with g,, — g, + 0g"” gives

16
V=g 69"

where we used the relation discussed last time,

0 / d*z/—gRu,g"" + 87GT,, (2)

1 5Seve’r ing else
Ty = —2 ything else. (3)

V=9 oghv

A way to relate this to the usual notion is to consider translations 2 =zt +at and then,

linearizing in small a”, get dg" ~ a’¥ + a”’*, where the ; means covariant derivative.
Then get §S = [ d4acTWa“”’. Note this shows T}/, = 0, covariant energy-momentum
conservation. For a macroscopic body, get T),, = (p + p)uyty + PG -

Now use g = e~ rIng™ {0 get g = —99,,09"", s0 0y/—g = —%\/—_ggw,ég“”. Also,
get that R/, , = V(0I'}, — (A > v) and then that the g"”dR,, term contributes only
total covariant derivative terms, V,V,(—=3g°" + g% go3dg*"), that can be dropped.

So we have, finally, Einstein’s equations:
R, — %ng, =81GT,,. (4)

As a first check that things are good, note that energy-momentum conservation
V#T,, = 0 is compatible with this equation, thanks to the Bianchi identity discussed
last week, V#(R,, — %gWR) =0.

Let’s rewrite (4) another convenient way. Get R —2R = —R =8rGT, T =T}, so

Ry =81G(Ty, — 1Tg,). (5)

e Let’s verify the Newtonian limit, where we’ll take g,, = 1, + h,, and take hy,
small. This will give a check on the 167G in (1) and 87G in (4). The 00 component of (5)
is

Roo = 87G(Too — 3T g0o)-

1



Let’s check this for static matter, taking 7},, =~ diag(p,0,0,0), so
R()() ~ 47TGp.

Looking good for connecting with V2® = 4mp. Indeed, use RE,, = 8HF,€U+FZ>\F;>U— (1<
v), in the static Newtonian limit to get Roo &~ R, &~ —3 VZhoo = V2@, so the Newtonian
limit checks.

e Aside on geodesic deviation. Recall

D? dx¥ dxP
——dz* = RM —z°.
D72 v oo dr drt o
Here we get
D? ‘ . ‘ . . . ‘ )
W(W ~ Rf)ojéa:] = —Rajoémj ~ —0'0;@0z) = —0(0"®),
-

fitting with the Newtonian picture that @ = — V.
e More generally, expanding around flat space by taking g,, = 7, + hu., and lin-
earizing in h,,. Expand Rf . and R,,, and R to linear order in small h. Discuss a bit

now, more in the last lecture.

e Cosmological constant. There can be a constant term in Sejse in (1),

—A
Severything else — Selse + / d4$\/ —g (@) . (6)

The cc contributes to (3),

T =~ g )

SO pvac = —Pvac = A/87G (sometimes this is called the c.c.). Einstein’s equations then
become

Ry — 3Rgu + Mgy = 8TGT 0. (8)

This is how Einstein wrote it when he made his “greatest blunder” by putting it in to try
to force his equations to give a static universe, rather than Hubble expansion.

o If there is mass density, e.g. inside a star, it contributes to the RHS of (5). Outside
the star, assuming empty space, we have T = 0, and thus (5) gives R, = 0. We can
check that the Schwarzschild metric indeed has R,, = 0, so it solves Einstein’s equations

outside the star.



If we take!
ds* = —e**Mat* + 2PN ar? 4 2402, (9)

can compute R, and see that it vanishes only if « = —3 and 0, (re?®) = 1, which gives
the Schwarzschild solution, e?* =1 — R, /r.

The Ricci tensor vanishes for Schwarzschild, but the Riemann tensor does not. Write
out some example components, e.g. Ry, , = re—2% sin? 60,3, R, = —GM/r, etc. The
non-zero Riemann tensor will give e.g. the correct focusing of nearby geodesics,

D? dx¥ dx?

— o0z = RH —0x°.
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Using the full metric, can explore this beyond the linearized limit discussed above.

Can show o 1o
- 48G* M
R.U'VP R'u,Vp(T = T—G.
It properly goes to zero far from the center of the star, as r—%. We see that » = 0 is really a
singularity. But, as we said before, r = R, is not a real singularity, only a fake coordinate

one.

L a €2 factor in front of the r2dQ? term could be eliminated by a redefinition of r — ¢”r
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