
5/10/18 Lecture outline

⋆ Reading: Zwiebach chapter 8

• Symmetries and conservation laws. Recall charge conservation ∂µj
µ = 0, which is

required by gauge invariance of L ⊃ Aµj
µ, i.e. δL = 0 under δAµ = ∂µf . Show that it

implies conservation of Q =
∫

d3xj0.

• Recall Noether’s theorem for L(q, q̇): if continuous symmetry δqi then piδqi is con-

served.

• Likewise, for S =
∫

dξ0 . . . dξkL(φa, ∂αφ
a), a symmetry δφa implies a conserved

current jα = ∂L
∂(∂αφa)δφ

a: show it satisfies ∂αj
α = 0, so Q =

∫

dξ1 . . . dξk has d
dξ0

Q = 0.

For a string S =
∫

dξ0dξ1L(∂αX
µ) (has translation invariance, δXµ = ǫµ so there is

a conserved current ǫµjαµ = ∂L
∂(∂αXµ)δX

µ. So get conservation of jaµ = Pa
µ (where a = σ, τ)

is the conserved Noether current for spacetime translation invariance, δXµ = ǫµ. The

string equations of motion are equivalent to the worldsheet conservation of this current:

∂aj
a
µ = 0. The spacetime momentum of the string is the corresponding conserved charge:

pµ =
∫

dσPτ
µ . So

dpµ

dτ
= −

∫ σ1

0
∂σP

σ
µ = −Pσ

µ |
σ1

0 . It is conserved for the closed string,

or open Neumann BCs. Not conserved for Dirichlet BCs. The Dirichlet case means that

the string ends on a D-brane, and momentum can go through the string into the D-brane

(their total momentum is conserved). Same for wave on a string with the ends tied down,

e.g. a traveling wave is reflected, which flips p → −p, but the difference in momentum is

transferred to the post at the end and total momentum of the system is conserved.

• Note that pµ is a conserved worldsheet charge. It becomes a conserved spacetime

charge in static gauge, τ = t. We can write more generally the conserved flux of worldsheet

current as (Pτ
µ ,P

σ
µ ) · (dσ,−dτ), where (dτ, dσ) is the tangent to the curve Γ that we’re

integrating over and (dσ,−dτ) gives the outward normal. So pµ(Γ) =
∫

Γ
(Pτ

µdσ − Pσ
µdτ).

The difference between some Γ and Γ′ with the same endpoints (i.e. ∂(Γ − Γ′) = 0) is
∮

Γ−Γ′=∂R
(Pτ

µdσ −Pσ
µdτ) =

∫

R
dτdσ(∂τP

τ
µ + ∂σP

σ
µ ) = 0.

• Using the Pαµ that we found last week in static gauge we get for the conserved

charges

p0 =
E

c
=

∫

T0ds
√

1− v2
⊥
/c2

, ~p =

∫

T0ds

c2
v⊥

√

1− v2
⊥
/c2

.

• Lorentz symmetry comes from the worldsheet symmetry δXµ = ǫµνXν , which is

a symmetry if ǫµν = ǫ[µν], e.g. δ(ηµνX
µXν) = 0. The terms in the string Lagrangian

LNG = −T0

c

√

(Ẋ ·X ′)2 − (Ẋ)2(X ′)2 involve ηµν∂αX
µ∂βX

ν , which again is invariant un-

der δXµ = ǫµνXν .
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The associated conserved currents are Mα
µν = XµP

α
ν − (µ ↔ ν). The corresponding

charges Mµν =
∫

(Mτ
µνdσ −Mσ

µνdτ) are the angular momenta. Note that M0i = ctpi −
∫

dσX iPτ0, which can be interpreted as X i
cm(t) = −cM0i

E
+ t c

2pi

E
.
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